NOTES ON LAPLACE TRNAFORM

1. LAPLACE TRANSFORM

In this section, we first briefly discuss the Laplace transform of some functions and use to solve
some ODEs as well as PDEs with constant coefficients. In the Laplace transform method, differ-
ential equations are transformed into algebraic equations and then the solutions of the differential

equations are obtained by means of taking the inverse Laplace transform.

Definition 1.1. Let f(¢) be a function defined for ¢ € [0, 00). The integral
(1.1) F(s) :/ e " f(t) dt
0

is called the Laplace transform of f(t) provided the integral exists. We denote the Laplace transform
of f by F. That is

Example 1.1. Find the Laplace transform of f(t) =k, V ¢ > 0, where k is a constant.

Solution: By the definition of the Laplace transform, we get

ke“] <k

LIk = / ke otdt — —
0

S )

Example 1.2. Find the Laplace transform of f(t) = €%, V ¢ > 0, where b is a constant.

Solution: By the definition of the Laplace transform, we get

o) k —(s=b)t7 1
L[ebt] — / efstebtdt _ € - :| _ s> b.
0 S —

0
Theorem 1.1. (Linear property of Laplace transform) Let f and g be any two functions

whose Laplace transform exist. Then for any two constants a and b, we have

Llaf(t) + bg(t)] = aL[f(t)] + bL[g(t)].
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Proof. As the Laplace transform of f and g exist, so the Laplace transform of af + bg exists. By

the definition of the Laplace transform, we get
Llaf (0)+bgle)] = [ laf(0) + by(0)eds
0

= a/ooo f(t)e *tdt + b/ooog(t)e_Stg(t)dt

= aL[f ()] +bL[g(t)].

Definition 1.2. A function f defined on [a, 8] is said to be piecewise continuous if
(i) there are at most a finite number of points to, t1, to, ..., t, with t,_1 <tx, k=1,2,...,n;

(i) tl}gh f(t), tl}gl_ f(t) exist;

(iii) f is continuous on each subinterval ¢, < t < t;.

The points t;’s are called the jump discontinuities of f.

For example f(x) = [z], x € [0,4], where [z] denotes the greatest integer function less than or

equal to x, is piecewise continuous function on [0,4]. The points of discontinuity of f are 1,2, 3, 4.

Definition 1.3. A function f is said to be of exponential order «, if there are positive constants «
and M such that
|f(t)] < Me™, t>0.

If f is of exponential order «, then we have

lim |f(t)|e”*" < M.

t—o00

We know that

it <el, e < e, |cost| < e, |sint| < el

Thus the functions ¢,e %, cost,sint are of exponential order. Again by L’Hospital’s rule, we have

Thus t" is of exponential order. However, the function e’ is not of exponential order as for any

finite value of ae. We have ,
t
€ . _
m — = lim /=%
t—oo et t—o00

= 00.
Theorem 1.2. (Sufficient condition for the existence of Laplace transform) If f is
piecewise continuous on [0,00) and is of exponential order av, then the Laplace transform of f exists

for s > a.
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Proof. As f is piecewise continuous on [0,00), so f is piecewise continuous on each closed and

bounded subinterval [0,T] of [0,00). Then e * f(t) is piecewise continuous [0,7] and hence the

T
integral / e * f(t)dt exists. Thus the existence of the Laplace transform depends on the conver-
0

T
gence of the integral / e "' f(t)dt as T — oo. Since f is of exponential oder o, so there exists
0
M > 0 such that

[f(t)] < Me

= 0< |f(t)]e ™ < Me*e ™ for t > 0.

Now

[e—(s—a)T . 1]

T
/ Me®te stdt = —
0

%

S —

as T — oo if s > a.

s —«
By comparison test, the integral / |f(t)|e *'dt converges. That is the integral / f(t)e *tdt
0 0

converges absolutely. Thus the integral / f(t)e *'dt converges. That is the Laplace transform of
0
f exists. O

Remark 1.1. The sufficient condition may not be necessary. That is there are functions which are
not piecewise continuous on [0, 00) but the Laplace transform exist. For example, let f(t) = 3.

Then

L[t 2] = / t2e st
0

— / t2~le=stqy
0

L /Oo 27 le U dy putti t
= — u e u putting u = s
Vs Jo

11
— —T(=
v
=

where T = [ u*'e™"du is the Gamma function for a # 0, -1, =2, ... and I'(3) = /7.

Remark 1.2. If f satisfies the condition for the existence of Laplace transform and if L(f) = F(s),
then it follows from the proof of the above theorem that

(i) lim F(s)=0 (ii) lim sF'(s) is bounded.
§—00 §—00
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Example 1.3. Find the Laplace transform of t*.
Solution: We have by definition

L[tY] = / t*e "t dt
0

1 o
= / u* e " du putting u = st
0

8a+1

['(a+1)
gotl )

where av # —1, -2, -3, ....

Example 1.4. Find the Laplace transform of coswt and sin wt.

Solution: We have by definition

o
Llcoswt] = / cos wte " dt
0

— %/Oo(eiwt + e—iwt)e—stdt
0

1 [_e(siw)t _e(s+iw)t:| o0
0

2 s—w s+ 1w
1l 1
T2 L—iw s—l—zw]
s
82 4 w?
since tlgilo le= =) = 0 and tlgilo e~ — (. Continuing in the same way we can show that

Llsinwt] =

_w
524+w? "
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Example 1.5. Find the Laplace transform of cosh wt and sinh wt.

Solution: We have by definition

Licoshwt] = / cosh wte™*'dt

/ —wt —stdt
0

2
1 [ e~ (s— w)t (s+w)t:|oo
2 s+w |,
_1 1
2 s+w
- 52—w2

Continuing in the same way we can show that L{sinh wt] = Z%.

1.1. Questions.

(1) Find the Laplace transform of the following functions

O

(b) e’ cosht

(c) sinh?t

() 2e2

SRR S
—1 t>1.

cost, 0<t<m

0, t>.
(2) Find the inverse Laplace transform of the following

(a) ﬁ

s+3
(b> (s— sJEerQ
(¢) #is:

5°4+25+5
(d) (s— 1(-: 2+s 3)°

1.2. Laplace Transform of Derivatives and Integrals. Under the Laplace transformation, the

derivatives a function f in t variables transforms to polynomial multiplication in s variable. This

On the other

helps to solve the initial value problems for the ODEs with constant coefficients.

hand, under the Laplace transformation, the integral of a function f in ¢ variable transforms to

We have the

polynomial division in s variable, which is useful in solving the integral equations.

following theorem for the Laplace transform of derivatives.



6 NOTES ON LAPLACE TRNAFORM

Theorem 1.3. Let f be of exponential order and be continuous function on [0,00) such that f' is

piecewise continuous on [0,00) and is of exponential order. Then

LIf' ()] = sLIf ()] — f(0).

Proof. First we assume that f’ is continuous on [0,00). Then by the definition of the Laplace

= / h f'(t)e *dt
C+s / f(t)e *tdt

= —f(0)+sL[f

transform, we get

Thus we establish the result assuming f’ is continuous. Next we assume that f’ is piecewise

continuous and has a point of jump discontinuity at ¢ =T (say). Then

/0 h f'(t)e dt

= lim [ f'(t)e *tdt +
0

e—0

h f’(t)e“dt]

T+e

_ [ S+ e (O

+ s /T6 f(t)e tdt + s
0
= —f(0)+sL[f],

h f(t)e“dt]

T+e

since f is continuous, so lim[e_s(T_E)f(T —€) — e_S(TJFE)f(T +¢€)] = 0. O

e—0

Remark 1.3. Assume that f, f', f”, ", ..., f=Y are continuous [0, c0) and are of exponential order

with £ is at least piecewise continuous on [0, 00). Replacing f by f’, we get
L[f") = sL[f] = f(0)
= s[sL[f] — f(0)] = f'(0)
= s’L(f) — s£(0) = f(0).

Continuing in a similar way

Lf™] = s"L[f] = "1 f(0) = s"2£(0) — ... = f"71(0).
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Example 1.6. Find the Laplace transform of sin® 4t.
Solution: We have f(t) = sin®4t. Then f(0) =0 and f'(t) = 4 sin 8t.

LIf') = =f(0) + sL[f]

32
= arg = L]
32
= L= eyeay

Theorem 1.4. (Laplace transform of Integral) If f is a piecewise continuous on [0,00) and

1s of exponential order «, then

L[/Otf(T)dT:| = %L[f], s>0, s> a.

Proof. Define g(t) = [, f()dr. Then

t t M M
lg(t)] < / |f(T)|dr < / Me*dr = — (e — 1) < —e™.
0 0

« «

That is g is of exponential order a. Also g is piecewise continuous on [0, 00). Further,

Example 1.7. Solve the following initial value problem

y'+y=t y(0)=1 y'(0)=0.
Solution: The given equation is

(1.2) v'+y=t.
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Taking the Laplace transform on both sides of (1.2), we get

Lly"] + Lly] = Llt]

1
or 5*Lly] — sy(0) — y'(0) + Lly] =
9 1
or (s"+ 1)Ly =— +s
s
1 5
Lyl =
or L{y] s2(s2+1) * s2+1
1 1
or Lly] = = i

52_(52+1)+s2+1'

Taking the inverse Laplace transform, we get solution of the given problem
y(t) =t —sint + cost.
Example 1.8. Solve the following integro-differential equation
t
(1.3) y —y— 6/ y(T)dr = sint, y(0) = 2.
0

Solution: Taking the Laplace transform to both sides of (1.3), we get

o)~ Ly~ 670 = 1
or sLly] —2 — L[y @_5211
or(s—l—g)L[y]:$21+1+2
OrL[y]:(32+1)(382—5—6)+32—2§—6
or Lly] = 7 s 1 1 63 1 44 1

50s2+1 5082+ 1 +%3—3+%3+2'
Taking the inverse Laplace transform, we get

7 1 63 44
y(t) = ~0 cost — 50 sint + %6_3'5 + %e_%

Example 1.9. Solve the following system of equations

?/1+?/2 - 2_Sint7

y1—yy = t+cost, 11(0) =3, y2(0) = 0.
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Solution: Taking Laplace transform to the above equations and using the initial values, we get

2 .
Lip) + Llyo] = 7 — Llsin],
1
Lly] — Llys) = =R Llcost].
Or,
2 1
Lyl =3+ Ly = = — ——
S [yl] + [yQ] s $2+17
1 s
Liy] = sLiys] = — 4+ —>—.
[yl] S [yQ] 52 + 2+ 1
Solving for L]y,] and L[ys] we get
1 3s 1
L = il
vl = it ern T
1 2

L[?Jz] =

s(s2+1) (s2+1)
Taking the inverse Laplace transform, we get
y1(t) = sint+ 3cost+t,

y2(t) = 1 —cost+ 2sint,

1
since L_1[3(321+1)] = [T e) = f(f sintdr =1 — cost.

1.3. Questions. Solve the following equations

(1) 2y” —y —y =cost, y(0) =1, 3/(0) =0.
(2) y” +5y +4y =€, y(0) =0, y'(0) =3.
(3)y—4y+3f0 (r)dr =t, y(0) =1
(4)y+6y+5f0 (r)dr =1+4t, y(0)=1
(5)

—_

yi—yz =

dyp+yy = t, 11(0) = =1, 12(0) = 1.

Yy —3y2 = 3sin(3t),

3y1 +ys = 3(1—cos(3t))t, y1(0) = =3, y2(0) = 1.
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1.4. Differentiation and Integration of the Laplace Transform. We have discussed the
Laplace transform method of solving the initial value problems for the ODEs with constant co-
efficients. However the methods discussed so far are not sufficient for solving the initial value prob-
lems with variable coefficients. The differentiation of the Laplace transform is useful to solve such
problems. We note that the polynomial multiplication in ¢ variable transforms under the Laplace
transformation to differentiation in s variable. Again division by ¢ transforms to integration in s

variable. The following theorem gives the differentiation of the Laplace transform.

Theorem 1.5. (Differentiation of the Laplace transform)Let [ be a piecewise continuous

function [0, 00) and be of exponential order. Then

Lt (1)) = - F(s) and LI f(0)] = (-1 F(s),

where F(s) = L[f(t)].

Proof. Using the definition of the Laplace transform

Litf(t)] = /OOO tf(t)e *'dt

[ 8l
/ F(t)e*at

= ——F
ds (5),

where we have assumed that the interchange of differentiation and integration is possible. Replacing
f by tf, we get
LIPF(1)] =~ LIt (0] = (1) S5 F(s).

Proceeding in this way, we obtain

Example 1.10. Find the Laplace transform of #?sin 3t.

Solution: We have f(t) =sin3t. So F(s) = 5>. Using the results of above theorem, we get

+9°

3 65 — 54

LA = (1 5 = o
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Theorem 1.6. (Integration of the Laplace transform)Let [ be a piecewise continuous func-
tion [0,00) and be of exponential order. If lim; g 1O exists, then

t

(1.4) L[w] :/:O F(r)dr,

t

where F(s) = L[f(t)].

Proof. By definition, we have
L{@} _ / FO) ot gy
t .t

= /0 f) / e "tdrdt

/ e T f(t)dtdr
0

- / F(r)dr,

where we have assumed that interchange of the order of integration is possible. O

Example 1.11. Find the Laplace transform of %“’t

Solution:Let f(t) = sinwt. Then F(s) By the relation (1.4), we get

1] [ e
= {tanl(i)]m

w S

T s
= = —tan"}(2).
5 an (w)

1.5. Questions.

(1) Find the Laplace transform of the following functions
(a) i
(b) G-
(©) wraeroye:
(@) ey
(2) Find the solution of the following problems
(a) ty' — 3y = 2t,y(0) = 1.
(b) y" + 6ty — 12y =1, y(0) =2, 4/'(0) = 1.
(c)y"+ty —2y=6—t, y(0)=0, /'(0) =1.
(d) ty” + 4ty — 12y =0, y(0) =0, ¥'(0) = —2.
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1.6. Shifting Theorems and Dirac Delta Function. The shifting theorems are useful to obtain
the Laplace transform as well as inverse Laplace transform of some functions. If we multiply f by

at

e® in t variable resulted a shifting by a in s variable. Similarly shifting by a in ¢ variable results

e~ * multiplication in s variable. We now establish the following shifting theorem.

Theorem 1.7. (First shifting theorem) Let L[f(t)] = F(s),s > a > 0 and a be any real

number. Then
(1.5) Lle®f(t)] = F(s—a), s >a+ .

Proof. By definition of the Laplace transform

(e}

L[e™ f(1)] e™ f(t)e *dt

I
S~

(o)

e (1)

0

I
e

(s—a), s>a+a.

Definition 1.4. The Heaviside function or the unit step function denoted by H or U, is defined as

0, ift <0,
1, ift>0.

H(t) =

From the definition of the Heaviside function, it is clear that ¢ = 0 is a point of discontinuity
of H. The Heaviside function is helpful in solving the differential equations when the forcing term
has points of jump discontinuity. If the point of discontinuity is shifted to the point t = a, then we

have the following definition for the Heaviside function

0, ift<a
1, ift >a.

H(t—a)=

Theorem 1.8. (Second shifting theorem) Let L[f(t)] = F(s),s >a >0 and a > 0. Then

(1.6) Lif(t —a)U(t —a)] = e *F(s).
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Proof. By the definition of Laplace transform, we get
Lift—a)U(t —a)] = / fit—a)U(t —a)e *"dt
0

= / ft —a)e™®dt (put 7 =t —a, dr = dt)

a

= / f(T)e_(T+“)SdT
0

— —as > _TSd
e /0 f(r)e T
= e “F(s).

Definition 1.5. The Dirac-delta function is defined as

where H(t) is the Heaviside function.

1.7. Properties of Dirac-Delta Function. We recall the definition of the Dirac-delta function

L . H(t+e) —H(t—e¢)
ot) = fim O(t) = 51—1>%1+ 2¢ '

Property I: For an integrable function we have

K%f@ﬂﬂﬁsz)

Proof. From the definition, we have

(1.8) /_Z 5.(t)dt = /_ Qiedt _1

If f is integrable function on (—e¢, €), then it follows from the mean value theorem of integral equation

that

1

(1.9) /OO f(t)o(t)dt = /E 2—€f(t)dt = f(c), for some ¢ € (—¢,¢€).

Taking limit as e — 0, we obtain

| s = o)

Property II: If f is a continuous function on (a,a + €) for € > 0, then we have

/ffawa—@w:fmy
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Proof. We define the Dirac-delta function as

1
s a<t<a+e
de(t—a)=¢ ¢

0, elsewhere.

/w FO5(t — a)dt 1/Omf@)dt

oo €

= fla+0e), 0 <0 <1

Taking limit as € — 0o, we obtain

/ T 00t — a)dt = f(a).

— 00

Remark 1.4. 1t follows from the definition of ¢ that

0, ift#£0
o(t) = 7
1, ift=0.
Remark 1.5. The definition of H implies that
H'(t) = 6(t)

H(t—a)—kH(t—a—k)7 we get

Taking the Laplace transform to

H(t—a)— Zl(t —a- k;)] 1 {e_‘” €—<a+k>s}

S S

L
k

1—e ks
ks

—as

=€

Taking limit as & — 04, we get
Lié(t —a)] =€

as % — 1. Putting a = 0, L[6(t)] = 1.

Example 1.12. Solve y” + 2y’ 4+ 10y = 65(t — 2) — 36(t — 3), y(0) =0, y'(0) =0.

Solution: Taking the Laplace transform to both sides of the given equation, we get

s$*Lly] + 2L[y] + 10L[y] = 6e2 — 373

N L[ ] _ 66—25 36—38
N2 25110 2125+ 10
66—25 36—35

(s+1)24+3  (s+1)2+32
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Taking the inverse Laplace transform, we get

3
y(t) = gH(t ~2)e D sin3(t —2) — DH(t—3)e P sin3(t ).
1.8. Questions.
(1) Prove that H'(t) = 6(t).
2) Find the value of [ ° f(t)d(t — 1)dt, where
0

2 0<t<1,
f)=942 t=1,
t, t>1.

(3) Solve the following initial value problem
(a) ¢y + 4y + 5y = d(t — 3), y(0) =0, y'(0) = 0.
(b) ¥ + 9y = 46(t), y(0) =0, y'(0) = 0.
(c) y"+ 4y + 8y =166(t — 1) +86(t — 2), y(0) =0, y'(0) = 0.

1.9. Convolution Theorem. The convolution is useful in obtaining the inverse Laplace transform
of product two functions in s variable. The inverse is obtained in terms of convolution which is

defined in terms of integration.

Definition 1.6. Let f and g be two functions defined on [0, 00). Then the convolution of f and g

is defined as
t
(1.10) Fro = [ r)gte = ryar
0
provided the integral exists.

The following properties can be verified by using the definition of the convolution.
(i) frg=g*f.

(i) f*(g*h)=(f*g)=h

(iv) fx0=0.

We note that 1% f # f. For example we can take f(t) = k for some constant k. Then
t
1xk(t) = / 1.kdr
0
=kt # k for any t > 0.

We now give the Laplace transform of convolution of two functions which is the point-wise product

of the Laplace transform of the functions.
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Theorem 1.9. Let f and g be piecewise continuous functions on [0, 00) and be of exponential orders.

Then

(1.11) L{f * g(t)] = LLf ()] L[g(t)].

Proof. By the definition of the Laplace transform, we have
Llf o) = [ fgedr
0

= / f()g(t — 7)dre *dt
t=0 J 7=0

= / f(1)g(t — 7)e *'dtdr (changing the order of integration)
7=0 Jt=1

= / f(T)g(U)e_S(TJr“)dudT (put t — 7 = u, dt = du)
7=0 Ju=0

Il
-

(T)G_STdT/ g(u)e *“du

=0

where L{f(1)] = F(s), L{g(t)] = G(s).

Example 1.13. Find the inverse Laplace transform of (321%)2'

Solution: We have

8 3 3
(s2+9)2  "s249s2+9
= F(s)G(s),

where F(s) = 22~ and G(s) = —>=. Then f(t) = L7![F(s)] = 2sin3t and g(t) = L7}G(s)]

249 249"

sin 3t. Thus

18 3 3
L' ———|=L"|2 —
[(52+9)2] [ 52+952+9]

t
/ 2sin37sin 3(t — 7)dr
0

¢

= / [cos 3(t — 27) — cos 3t]dT
0

t

_ {sin3(f6— 27)

— tcos 3t]
0

1
=3 [sin 3t — 3t cos 3t].
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Example 1.14. Solve the integral equations

ft) = 1+t+2/tsin7'f(t—7')d7'.
0

Solution: Taking the Laplace transform to the given equation, we get

Lif(t)] = é + é + 2L[sint * f(t)]
1 1
:S ? 241 [f(t)]
= L0 -2 ) =+ 5
= 1= (34 5) 5
2 11
e

Taking the inverse Laplace transform, we get
f(t) =2e" —t—1.

1.10. Questions.

(1) Give an example to show that f * f may not be always nonnegative.
(2) Use convolution theorem to find the inverse of the following
1
(a) =6
(b) =y
8s
(¢) ) e

1
(d) T

(3) Use convolution theorem to solve the following initial value problems
(a) v + 4y + 4y = te', y(0) =0, y'(0) = 2.
(b) y" — w?y = coshwt, y(0) =1, y'(0) =
(¢) y" =5y =6y =e™", y(0) =1, y'(0) =
(d) v —y =te'cost, y(0) = 0.
(4) Use convolution theorem to solve the following integral equations

(a) f(t) =1+t+6 [ f(r)e!"dr.

(b) f(t) = €'+ [y Tf(t — T)dr.
(c) f(t)=cost+e" [y e f(r)dr
(d) f(t) =t— [y(e +eT)f(t —T)dr.
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1.11. Laplace Transform of Periodic Functions. Periodic functions are common in many ap-
plications in science and engineering. To obtain the solution of some initial value problems with

periodic force term, we need to find the Laplace transform of periodic functions.

Definition 1.7. A function f on [0,00) is said to be periodic of period T if
f&+T)= f(t), t >0.

Theorem 1.10. Let f be a piecewise continuous periodic function on [0, 00) with period T and be

of exponential order o. Then

(1.12) Lif(t)] = ﬁ/o e " f(t)dt, s> 0.

Proof. By the definition of the Laplace transform, we have

LIf®)]
= /OOO e St f(t)dt

:/OTeStf(t)dt+/2TeStf(t)dtJr/gTeStf(t)dt+...

T o
T T T
= / e f(t)dt + / e+ f(u + T)du + / e~ £ (4 4 2T )du + ...,
0 0 0

where we have put ¢t = u+ T, t = u + 27,... in the second, third integral etc. on the right hand

side of the last equation. Since f is periodic of period T, so we get

Lif(t)] = /OT e f(t)dt + /OT e 50D f(y 4 T)du + /OT e~ 52D f (4 + 2T du + ...
- /OT e S f(t)dt 4 e /OT e f(u)du + e~ T /OT e " f(u)du+ ...

T
=1 +eT e 2T 4 ) / e St f(t)dt
0

1 T
— ﬁ/g e S f(t)dt.

Example 1.15. Find the Laplace transform of the periodic function

flty=t, 0<t<a, f(t+a)=f(t).
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Solution: Here T' = a. Then by (1.12), we get

Lif(t)]

_ % /O " e ()t

— 1_;“ /Oa e *'tdt

= — - Cr e
el G e g

Example 1.16. Solve y” + 4y’ + 5y = f(t), y(0) =0, y'(0) = 0 and

Solution: The given function has period 27. Taking the Laplace transform to the given equation

and using the initial value, we get

2Ll + 4sLly] + 5Ly = ———— /0 T

1— 6727rs

1 s 21
= — e_StdtJr/ e‘“(—l)dt)
e
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1
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We have

1
(2sint + cost) = F g(t),

(S
(S

¢
Lt |- / e sintdt =
s(s?2+4s+5) 0
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where g(t) = £(2sint + cost). Using this we get
1 1
y(0) = | — 0| H) ~ 2|5 gl —m)| H(t )
1
+2 {g —g(t— 2@} H(t—2m)+ ...

1.12. Questions.

(1) Find the Laplace transform of the following periodic functions with one period defined as

(a) f(t) =1t 0<t<2m.

t, 0<t<a,
(b) f(t) =

0, a<t<2a.

t, 0<t<m,

(c) f(t) =

2 —t, W<t <2m.

cost, 0<t<m/2,
(d) f(t) =< —cost, 7/2<t<371/2,

cost, 3m/2<t<2m.
(e) Solve the following initial value problems

sint, 0<t<m,

0, 7wm<t<2m.

(f) y" +4y = f(t), y(0) = 0, y'(0) = 0 and f(t) =

; , 0, 0<t<m,
(g) v +y=f(t), y0) =0, y'(0) =0and f(t) =4
sint, w<t<2m.

1, 0<t<m,

(h) y" +6y" + 10y = f(t), y(0) =0, y'(0) =1 and f(t) =
0, m<t<2nm.
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